I. Backsround
Let G be a field, and let A (bilinear) algorithm A is a set {Mt(X,y)" .. ,mn(x,y)}, where whenever" A is a minimal algorithm for B and A' is a minimal algorithm forB'. If every minimal algorithm fQr B@ B' is a direct sum algorithm, we say that Band B' satisfy the direct sum conjecture strongly.
Presently, the proof of the direct sum conjecture in general seems to be very far away.. The only positive results are for those cases in which the complexity and structure of at least one of the direct summands is known. For these cases (we describe them below) the results imply that one cannot compute the direct sum system any faster (in the sense of complexity theory) than one could do by computing each of the direct summands separately. "Furthermore, all known minimal algorithms for direct sum systems of bilinear forms are direct sum algorithms. We believe that either a proof of, or a counterexample to, the direct sum conjecture will be a major step .forward in "our understanding of complexity of systems of bilinear forms and the structure of minimal algorithms for computing them.
II. Summary of Previous Results
Hopcroft and "Kerr [3] studied the complexity of the product of 2)(2 by 2)(2 matrices. Let us denote by <m,n,p> the system of bilineary forms {B ik 11 siSm,1 Sk-SP}, where B ik == .ItXijYjk for all 1Sism and lSkSp. Hopcroft and Kerr J;howed that if G = GF(2) then ji( <2,2,2n» == 7n. Because every algorithm for computing the n...fold direct sum <2,2,2>(f)<2,2,2>(±) ... (f)<2,2,2> = n<2,2,2> yields an algorithm for computing <2,2,2n>, we have
That is, when G = GF(2), n copies of <2,2,2> satisfy the direct sum conjecture.
Let P(u)£G [u] be a polynomial' of degree n. We denote by B(P) = {Bo,B1,... ,B n _ 1 } the system of bilinear forms defined. by
that is, B(P) is the system of coefficients of the product of two polynomials modulo P(u). Winograd [4] investigated the complexity of B(P) when P(u) == O(u) ' and O(u) is irreducible over G. It was shown in [4] that if tion on G, B(PI),... ,B(P k ) satisfy the direct sum conjecture. It was also shown in [4] that under the same assumption, B(PI),... ,B(P k ) satisfy the direct sum conjecture strongly.
The results of [4] were extended by Auslander, Feig, and Winograd [5] . 
III. Results
Let A(x)y be a system of bilinear forms, where A(x) is a t x s matrix of linear forms. Following [7] , we say that the system A(x)y is definite if for every O=Jl Corollary !: Let A(x)y be a definite system, where A(x) is a txs matrix.
We extend the result of corollary 1 and prove Theorem~: If A(x)y is a definite system, with A(x) a t x s matrix and p(A(x)y) == s + t-l, then A(x)y and any system A'(f)ll satisfy the direct sum conjecture strongly.
Consider the system B(P) = A(x)y described in section II, where P is an irreducible polynomial of degree n. The system B(P) is definite, where A(x) is an n x n matrix. Furthermore, if I G I~2n-2 then by [4] jiB(P) = 2n-1. Therefore we have by theorem 2, Corollary~: If 101~2n-2, and P is an irreducible polynomial· of degree n, then B(P) and any other system A'(!)." satisfy the direct sum conjecture strongly.
If P is not irreducible, then B(P) is not definite. If P is sCiParable (that is, P has no multiple roots), then P -. n Pj, a product of distinct irreducible polynomials. It was·shown in [4] As we mentioned in section II, this result was already proved in [4] using different techniques. Our theorem yields the foIiowing extension:
Corollary~: Let B(P) be the system of corollary 3, and let A'(!)." be any system of bilinear forms. Then B(P) and A'(!)." satisfy the direct sum conjecture strongly.
If P = Qf, where Q is an irreducible polynomial, then B(P) is not decomposable to a direct sum of definite systems of bilinear forms. Yet we are still able to prove: t Theorem~: If 1G I~2 deg P-2, then B(P) = B(Q ) and any other system A' (~)11 satisfy the direct sum conjecture strongly.
In particular, we have reproved the result from [4] which we stated in section II. A'(!)." is any system of bilinear forms.
Our last result is a direct sum theorem for the system <2,2,2> of multiplication of 2 x 2 matrices (c.f. section II). Proving this result was considerably .lenghtier than proving the others. Second, denote by Dm the dihedral group of order 2m, and by BDm the system of bilinear forms for computing the product in the group ring GDm. It is well known that if G includes O(e2tTi/m), then GDm is decomposable over G to a direct sum of full 2 x 2 matrix algebras and one dimensional representation. We are therefore able to compute: This least result has also been independently obtained by A. Alder and V. Strassen [9] using very different techniques.
Corollary 10: If G:>O(e 2 "i/m), then BDm and any other system H' satisfy the direct sum conjecture strongly.
